Alternative canonical methods for defining canonical SO(3)-coupled bases for SU(3) irreps are considered and compared. It is shown that a basis that diagonalizes a particular linear combination of SO(3) invariants in the SU(3) universal enveloping algebra gives basis states that have good K quantum numbers in the asymptotic rotor-model limit.
I. INTRODUCTION
A common problem in the construction of group or Lie algebra representations is to define a canonical basis in situations where multiplicities occur. For example, bases which reduce the subgroup chain
are indexed by the quantum numbers (λµ), L and M , of the respective groups SU(3), SO(3), and SO (2) . However, an extra label K is required to distinguish different irreps of SO(3) that occur in a given SU (3) irrep. This paper, is concerned with useful ways to define orthogonal sets of such SO(3) irreps.
In principle, multiple occurrence of subgroup irreps can be defined in any arbitrary way. However, it is useful to have a well-defined "canonical" definition, that can be reproduced by anyone so that results derived by one person are meaningful to someone else. For example, in applications of group representations, considerable use is made of ClebschGordan coupling and Racah recoupling coefficients that are defined for particular resolutions of the multiplicities that occur. Two kinds of multiplicity arise: one is the multiplicity in the choice of basis for each irrep. Another, of equal importance, is the multiplicity of different irreps that occur in the decomposition of tensor products of irreps. In this paper, we address the resolution of the first of these two multiplicities.
II. SU(3) IRREPS AND THEIR ASYMPTOTIC LIMITS
There are several ways to construct SU(3) irreps in an SO(3)-coupled basis and derive the corresponding matrices representing elements of the su(3) Lie algebra. Note that we use upper case letters to denote a Lie group, e.g., SU (3) , and lower case letters, e.g., su(3), for its Lie algebra. The su(3) Lie algebra is spanned by five components of a quadrupole tensor Q and three components of an angular momentum L. As we discuss below, su(3) has an asymptotic limit in which it contracts to the Lie algebra, rot(3), of a rigid-rotor model. The latter Lie algebra is likewise spanned by five components of a quadrupole tensor Q and three components of an angular momentum L. Both su(3) and rot(3) have commutation relations
However, they differ in the commutators of their {Q ν } operators;
Thus, whereas su(3) is semi-simple, its contraction, rot(3), is a semi-direct sum of an abelian subalgebra, isomorphic to R 5 , and an so(3) angular momentum algebra; we denote this by writing rot(3) ≃ [R 5 ]so(3). As shown in ref. [1] , basis states for a generic (λ, µ), irrep of su (3) , are labeled by angular-momentum quantum numbers, L and M , with L running over the values
with
Thus, in the generic case, there is a multiplicity of states with given values of L and M , which can be indexed by K or any other convenient label. Irreps of the type (λ, 0) are particularly simple. They have orthonormal SO(3)-coupled bases given, without multiplicity, by a set of states
in which L runs over even or odd integer values according as λ is, respectively, even or odd. Reduced matrix elements for such multiplicity-free irreps have analytical expressions given [2, 3] (in natural units) by the equations
A systematic way to derive matrix elements for a generic SU(3) irrep was given [2, 3] in terms of vector coherent state [4, 5] theory. VCS methods were also used in a derivation of SU(3) Clebsch-Gordan coefficients in an SO(3)-coupled basis [6, 7] . Conversely, a set of SU(3) Clebsch-Gordan coefficients computed in an SO(3)-coupled basis enables one to derive the SO(3)-reduced matrices of the SU(3) quadrupole tensor in that basis. Examples of reduced matrix elements derived in this way are given below. Such methods do not give analytical expressions for generic irreps, for which there are multiplicities, However, analytical expressions are obtained [2, 3] in the asymptotic limits which are approached as either λ or µ → ∞.
In the following, we restrict consideration to su(3) irreps {(λ, µ)} with λ ≥ µ. This is because of the well-known fact (shown, for example, in [3] ) that the irreps (λ, µ) and (µ, λ) are simply related. Specifically, if Γ (λµ) ν denotes the matrix representing the quadrupole operator Q ν in the su (3) 
With this restriction, asymptotic expressions for the su(3) quadrupole matrix elements are given for λ → ∞ by
where Λ = 2λ + µ + 3 and
These asymptotic expressions are shown below to provide accurate approximate expressions for su(3) matrix elements for moderately large but finite values of λ. They are similar in form to those of an irrep of the rot(3) rigid-rotor algebra), given by
The latter expressions give accurate approximations when both λ and µ are large but are generally not as accurate as those of eqns. (11) - (14) . A computationally simple method [8] , used in the present calculations, for deriving numerically precise matrix elements of an su(3) irrep is to start from two known irreps, (λ 1 , 0) and (λ 2 , 0), and diagonalize the SO(3)-invariant operator Q · Q in the tensor product of these irreps, where Q := Q (1) + Q (2) is the summed quadrupole tensor for the two irreps. To within a term proportional to the SO(3) Casimir invariant, L · L, the operator Q · Q is proportional to the SU(3) Casimir invariant. Thus, its eigenstates belong to SU(3) irreps and, in the process of deriving them, one obtains all the reduced matrix elements of the quadrupole tensor (albeit in a basis chosen arbitrarily by the computer). However, as shown in ref. [8] , if one then diagonalizes the operator Q (1) · Q (2) within the space of a (λ, µ) irrep within the tensor product of (λ 1 , 0) and (λ 2 , 0) irreps, then the degeneracies are lifted and the multiplicity of SO (3) irreps is resolved. Simple techniques for constructing such basis states and deriving their matrix elements were given in ref. [8] and are used in the present calculations. Examples of reduced quadrupole matrix elements obtained in this way for the (32,5) and (10, 4) irreps are shown in the columns of Tables I and II labeled Q (1) · Q (2) . However, this bases does not appear to correspond to any of the canonical bases we consider below.
III. ALTERNATIVES FOR RESOLVING THE SO(3) MULTIPLICITIES
We consider three alternatives.
A. Alternative I
A standard way to resolve the SU(3) ⊃ SO(3) multiplicity is by eigenstates of the angular-momentum-zero coupled operator
This operator is an SO(3) scalar in the SU(3) universal enveloping algebra [9] . Its potential use for resolving the SU(3) ⊃ SO(3) multiplicity was noted by Bargmann and Moshinsky [10] . Such a use is easily implemented because matrix elements of X 3 in any SO(3)-coupled basis for an SU(3) irrep are given to within an unimportant L-dependent constant, c L , by
Thus, an SO(3)-coupled basis that diagonalizes X 3 is given by the eigenstates of the M L matrices with elements
A variant of this method was used in the construction of bases for VCS irreps by K-matrix methods [11, 12] . Examples of reduced quadrupole matrix elements in such a basis are given in Tables I and II. B. Alternative II A second alternative is to use generally accepted SU(3) Clebsch-Gordan coefficients in an SO(3)-coupled basis to derive reduced matrix elements of the SU(3) quadrupole operator by means of the identity
where (λ 2 + µ 2 + λµ + 3λ + 3µ) is proportional to the value of the SU(3) Casimir operator for the (λ, µ) irrep and (λµ)αL; (11)2 (λµ)βL ′ is an SO(3)-reduced SU(3) Clebsch-Gordan coefficient. In principle, the resolution of the SU(3) ⊃ SO(3) multiplicity, defined in this way, is only canonical to the extent that the Clebsch-Gordan coefficients are themselves expressed relative to a canonical basis. But, even if they are 
(1) · Q (2) and by the I, II and III alternatives, as defined in the text, for the SU(3) irrep (32, 5). Values given by the asymptotic approximations of eqns. 11-15 are shown in the column headed A.S. Values for rot(3), given by eqns. 16-17, are shown in the column headed ROT (3) . Values obtained by the alternative algebraic approach described in Ref. [8] , corresponding to the quadrupole-quadrupole interaction strength C=3.99, are in the last column. not, provided they are freely available, they serve the practical purpose of making it possible to compare the results of calculations by different researchers who use a common set of such coefficients. For present purposes, we use the Clebsch-Gordan coefficients of refs. [6, 7] . Some results are shown for comparison with the other alternatives in Tables  I and II . The comparisons show a remarkable similarity between these results and those of the following alternative. This will be explained in the Discussion.
C. Alternative III
A third alternative is given by basis states which diagonalize a specified linear combination of the SO(3) scalar operators X 3 and
within the space of an SU(3) irrep.
The rationale for choosing a particular linear combination is based on the observation that there is a natural resolution of the SO(3) ⊂ SU(3) multiplicity in the contraction limit in which an irrep of the su(3) algebra progresses asymptotically towards an irrep of the rotor model algebra, denoted rot(3). In particular, as pointed out in ref. [13] , the intrinsic quadrupole moments of a rot(3) irrep, for which there is a naturally-defined SO(3)-coupled basis, are related to the SO(3) invariantsX 3 andX 4 , where the latter operators are defined, as for the corresponding su(3) operators Table I for the SU(3) irrep (10, 4) . X 3 and X 4 , but in terms of the commuting rot(3) quadrupole operators. Because of the understood contraction of su(3) → rot (3) for large values of λ, these observations suggested similar relationships for su (3) . Further relationships between the rigid-rotor model and the SU(3) model were developed by Leschber and Draayer [14] . The su(3) → rot(3) contraction is derived as follows [15] . Let
denote the inverse square root of the eigenvalue of the SU(3) Casimir invariant
for the irrep (λ, µ), and let Q denote the su(3) quadrupole tensor in inverse units of ǫ(λµ), i.e. the tensor with components
It follows from eqn. (22) that, for values of L ≪ λ, the non-zero reduced matrix elements of Q are of order of magnitude
Moreover, the rhs of the commutation relation
becomes negligible when used with states of angular momentum L for which
Thus, within the subspace of states of angular momentum L for which eqn. (29) is satisfied, the matrix elements of an su(3) irrep become indistinguishable from those of a rot(3) irrep. In this situation, su(3) is said to contract to rot (3) . This contraction is of considerable interest in nuclear physics for explaining the origins of rotational structure in terms of the nuclear shell model in an SU(3) ⊃ SO(3) coupled basis. Because there is a natural resolution of the SO(3) ⊂ ROT(3) multiplicity, the su(3) → rot(3) contraction, is also significant for the resolution of the SO(3) ⊂ SU(3) mutiplicity.
The results of ref. [13] suggest that the above defined basis states of the rot(3) algebra should diagonalize a linear combination of theX 3 andX 4 operators. To ascertain that this is true and determine the linear combination, we consider the ratios of the matrix elements
for rot(3) irreps. Equations (16) and (17) give the reduced rot(3) matrix elements KL Q KL and K +2, L Q KL . From them, we can evaluate
and the ratio R(KL) for any values of L and K. In this way, it is determined that R(LK) takes the L-and Kindependent value
This result means that the basis states of the rigid-rotor rot(3) algebra with good K quantum numbers are eigenstates of the SO(3)-invariantZ
Similarly, we can define basis states for an SU(3) irrep to be eigenstates of the corresponding SO(3)-invariant
with the expectation that, in such a basis, the su(3) quadrupole matrix elements between states of L ≪ λ will aproach those of a rot(3) irrep in the asymptotic limit. Such basis states are uniquely defined, and provide a physically relevant resolution of the SO(3) multiplicity for any SU(3) irrep. Results obtained for such SU(3) bases are shown in Tables I  and II. IV. DISCUSSION Tables I and II show comparisons of reduced quadrupole matrix elements obtained for the alternatives given above for defining orthonormal SO(3)-coupled basis states for SU(3) irreps. The tables also show the corresponding results given by the asymptotic approximation of eqns. (11) - (15) and for the rot(3) matrix elements given by eqn. (16) and (17). It should be emphasized that the results given for the SU(3) matrix elements listed in the columns headed I, II, and III are all numerically accurate to the precision shown; they only differ to the extent that they were computed relative to different bases. The asymptotic results in the column headed A.S. are expected to agree with those of column III for values of λ ≫ L i . Those listed in the column headed ROT(3) are for the rot(3) rotor algebra and likewise are expected to approximate those of columns III and A.S. when both λ ≫ L i and µ ≫ L i .
It can be seen that alternatives II and III are the same to within 1-3% and, as expected, both are consistent with an approach to the results of the asymptotic limit for large values of λ. The results of diagonalizing the SO(3) invariant, X 3 , in alternative I are qualitative similar but it is clear that the eigenstates of the linear combination of X 3 and X 4 , given by Z in eqn. (34), give results much closer to those of asymptotic rotor-model limit. The equivalence of results II and III is quite remarkable and fortuitous in the sense that it means that the bases used in the calculation of SU(3) ⊃ SO(3) Clebsch-Gordan coefficients in refs. [6, 7] can, in fact, be regarded as canonical in the above-defined sense that the basis states are eigenstates of a Hermitian operator. This result was unexpected because the choice of basis states for an SU(3) irrep used in the computation of the SU(3) Clebsch-Gordan coefficients given in refs. [6, 7] , did not make use of the SO(3)-invariant operator, Z. However, the construction of the basis states that were used did make use of rotor-model methods which, in the asymptotic limit likewise give standard rot(3) results. Thus, in retrospect, it is understood that the Clebsch-Gordan coefficients obtained should be consistent with the SU(3) bases states defined by alternative II.
The tabulated matrix elements also show the expected result that the accurate matrix elements for the basis III are given more accurately, for small values of µ by the asymptotic SU(3) results of column A.S. than by those of the ROT(3) limit.
In conclusion, we remark that the above results provide a physical and practical resolution of the so-called inner, i.e., SU(3) ⊃ SO(3), multiplicity problem. However, the outer multiplicity that occurs in the decomposition of tensor products of SU(3) irreps is also of importance and, at present, we know of no canonical way to resolve it.
